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Abstract. We discuss the refined analytic torsion, introduced by M. Braver- 
man and T. Kappeler as a canonical refinement of analytic torsion on closed 
manifolds. Unfortunately there seems to be no canonical way to extend their 
construction to compact manifolds with boundary. We propose a different re- 
finement of analytic torsion, similar to Braverman and Kappeler, which does 
apply to compact manifolds with and without boundary. In a subsequent 
publication we prove a surgery formula for our construction. 



1. Introduction 

The refined analytic torsion, defined by M. Braverman and T. Kappeler in [BKl] 
and [BK2] on closed manifolds, can be viewed as a refinement of the Ray-Singer 
torsion, since it is a canonical choice of an element with Ray-Singer norm one, in 
case of unitary representations. 

The complex phase of the refinement is given by the rho-invariant of the odd- 
signature operator. Hence one can expect the refined analytic torsion to give more 
geometric information than the Ray-Singer torsion. 

This is indeed the case in the setup of lens spaces with explicit formulas for the 
associated Ray-Singer torsion and eta- invariants, see [RH, Section 5] and the ref- 
erences therein. There it is easy to find explicit examples of lens spaces which are 
not distinguished by the Ray-Singer torsion, however have different rho-invariants 
of the associated odd-signature operators. 

An important property of the Ray-Singer torsion norm is its gluing property, as 
established by W. Liick in [Lii] and S. Vishik in [V]. It is natural to expect a re- 
finement of the Ray-Singer torsion to admit an analogous gluing property. 

Unfortunately there seems to be no canonical way to extend the construction of 
Braverman and Kappeler to compact manifolds with boundary. In particular a 
gluing formula seems to be out of reach. 

We propose a different refinement of analytic torsion, similar to Braverman and 
Kappeler, which does apply to compact manifolds with and without boundary. In 
the subsequent publication [BV4] we establish a gluing formula for our construc- 
tion, which in fact can also be viewed as a gluing law for the original definition of 
refined analytic torsion by Braverman and Kappeler. 
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The presented construction is analogous to the definition in [BKl] and [BK2], but 
appHes to any smooth compact Riemannian manifold, with or without boundary. 
For closed manifolds the construction differs from the original definition in [BK2] . 
Nevertheless we still refer to our concept as "refined analytic torsion" within the 
present discussion. 

Acknowledgements. The results of this article were obtained dming the author's 
Ph.D. studies at Bonn University, Germany. The author would like to thank his 
thesis advisor Prof. Matthias Lesch for his support and useful discussions. The 
author was supported by the German Research Foundation as a scholar of the 
GraduiertenkoUeg 1269 "Global Structures in Geometry and Analysis". 

2. Motivation for the generalized construction 

The essential ingredient in the definition of the refined analytic torsion in [BK2] 
is the twisted de Rham complex with a chirality operator and the elliptic odd- 
signature operator associated to the complex, viewed as a map between the even 
forms. Hence in the case of a manifold with boundary we are left with the task of 
finding elliptic boundary conditions for the odd-signature operator which preserve 
the complex structure and provide a Fredholm complex, in the sense of [BLl]. 

The notions of a Hilbert and a Fredholm complex were studied systematically in 
[BLl] and will be provided for convenience in the forthcoming section. The bound- 
ary conditions, that give rise to a Hilbert complex are referred to as "ideal boundary 
conditions" . It is important to note that the most common self-adjoint extensions of 
the odd-signature operator between the even forms do not come from ideal bound- 
ary conditions. 

The existence and explicit determination of elliptic boundary conditions for the 
odd-signature operator between the even forms, arising from ideal boundary con- 
ditions, is an open question. However, it is clear that the absolute and relative 
boundary conditions do not satisfy these requirements. 

On the other hand the gluing formula in [V] and [Lii] for the Ray-Singer torsion 
makes essential use of the relative and absolute boundary conditions. Since the 
establishment of a corresponding gluing formula for the refined analytic torsion 
is a motivation for our discussion, these boundary conditions seem to be natural 
choices. 

We are left with a dilemma, since neither the relative nor the absolute boundary 
conditions are invariant under the Hodge operator. We resolve this dilemma by 
combining the relative and absolute boundary conditions. This allows us to apply 
the concepts of [BK2] in a new setting and to establish the desired gluing formula. 

3. Definition of Refined analytic torsion 

Let (A/™, (7^^) be a smooth compact connected odd-dimensional oriented Riemann- 
ian manifold with boundary dM , which may be empty. Let {E,\7,h^) be a flat 
complex vector bundle with any fixed Hcrmitian metric , which need not to be 
flat with respect to V. 
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The flat covariant derivative V is a first order differential operator 

V : r(£:) T{T*M®E), 

satisfying the Leibniz rule 

Vxifs) = (X/)s + /Vxs, s e T{E),Xe T{TM),fe C°°{M). 

The covariant derivative V extends by the Leibniz rule to the twisted exterior 
differential V : nl{M,E) n^+\M,E) on S-valued differential for ms with 
compact support in the interior of the manifold ^^{AI, E). The exterior differential 
satisfies the (generalized) Leibniz rule 

Vx(w A 77) = (Vxw) A 77 + {-lYw A Vx'7, 

for any w G f7g(A/),77 e nl{M,E),X G r(rAf). 

Due to flatness of (i?, V) the twisted exterior differential gives rise to the twisted de 
Rham complex (Oq(A/, i?), V). The metrics g^',h^ induce an L^— inner product 
on QaiM, E). We denote the L^-complction of f^5(Af, E) by i^(M, E). 

Next we introduce the notion of the dual covariant derivative V. It is defined by 
requiring: 

(3.1) dh^{u, v)[X] = h^{\/xu, v) + h^{u, Vxv), 

to hold for all u,v & C°°{M,E) and X e r(rA/). In the special case that the 
Hermitian metric is flat with respect to V, the dual V and the original covariant 
derivative V coincide. More precisely the Hermitian metric can be viewed as 
a section of E* (g) E*. The covariant derivative on E gives rise to a covariant 
derivative on the tensor bundle E* ^ E* , also denoted by V by a minor abuse of 
notation. 

For u, V, X as above one has: 

V/i^(u, v)[X] = dh'^{u, v)[X] - h^{Vxu, v) - h^{u, Vxv). 
In view of p.ip we find 

v/i^ = ^ V = v. 

As before, the dual V gives rise to a twisted de Rham complex. Consider the 
differential operators V, V and their formal adjoint differential operators V*, V*. 
The associated minimal closed extensions Vmin, Vj^j^ and V^i„, V[*ji„ are defined 
as the graph-closures in Ll{M,E) of the respective differential operators. The 
maximal closed extensions are defined by 

Vjnax (^min) ' ^max (^min) • 

These extensions define Hilbert complexes in the following sense, as introduced in 
[BLl]. 

Definition 3.1. [BLl] Let the Hilbert spaces Hi,i = 0, .., jti, _ff„i+i ~ {0} be mutu- 
ally orthogonal. For each i = 0, .., 771 let Di G C{Hi, i?i+i) he a closed operator with 
domain 'D{Di) dense in Hi and range in -ffi+i. Put "Di := ^{Di) and Ri := Di{'Di) 
and assume 
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This defines a complex (P, D) 

Such a complex is called a Hilbert complex. If the homology of the complex is finite, 
i.e. if Ri is closed andker Di/imDi-i is finite- dimensional for alii = 0, ...,m, the 
complex is referred to as a Fredholm complex. 

Indeed, by [BLl, Lemma 3.1] the extensions define Hilbert complexes as follows 

(Aiiin, Vniin), whcrC P,„in := ^^(Vmin), 
(Anax, Vniax), where Pniax := 2?(V,„ax) 

Pmin, V;,iJ, where V'^,^^ := ViV^.J, 
(^^max, V;„a^), where V'^^^ := V{V'^^J. 
Note the following well-known central result on these complexes. 

Theorem 3.2. The Hilbert complexes (2?min, Vmin) cind (Pmaxj Vmax) are Fredholm 
with the associated Laplacians Aid md Aabs being strongly elliptic in the sense of 
[GiJ. The de Rham isomorphism identifies the homology of the complexes with the 
relative and absolute cohomology with coefficients: 

i?*(A„ax,V„iax) 

Furthermore the cohomology of the Fredholm complexes (PmiruVmin) cmd 
(I'max, Vmax) Can bc Computed from the following smooth subcomplexes, 

ini,^{M,E),V), n*„,,^{M,E) := {u; £ n* {M, E)\i* {cj) = 0}, 

(f7:_(Af,i?), V), n*^,^iM,E) n*iAfE), 

respectively, where we denote by l : dM ^ M the natural inclusion of the boundary. 

In the untwisted setup this theorem is essentially the statement of [BLl, Theorem 
4.1]. The theorem remains true in the general setup. An analogue of the trace 
theorem [P, Theorem 1.9], in case of flat vector bundles, allows an explicit com- 
putation of the boundary conditions for Ajci and Aabs- Then [Gi, Lemma 1.11.1] 
implies strong ellipticity of the Laplacians. Note that this result in the reference 
[Gi] is proved expficitly, even though other aspects of [Gi, Section 1.11] are rather 
expository. 

By strong ellipticity the Laplacians Aid and Aabs are Fredholm and by [BLl, The- 
orem 2.4] the complexes (Pmin, Vmin) and (2?max, Vmax) are Fredholm as well. By 
[BLl, Theorem 3.5] their cohomology indeed can be computed from the smooth 
subcomplexes (17*iiii(Af, i?), V) and {Vl*^g_^{M , E) ,\/) , respectively. 

Finally, the relation to the relative and absolute cohomolgy (the twisted de Rham 
theorem) is proved in [RS, Section 4] for flat Hermitian metrics, but an analogous 
proof works in the general case. Corresponding results hold also for the complexes 
associated to the dual connection V'. 

Furthermore, the Riemannian metric and the fixed orientation on M give rise 
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to the Hodge-star operator for any = 0, .., jti = dim M : 

* : n''{M, E) Vr-^{M, E). 

Define 

r := : n^{M,E) n"'-''{M,E), r := (dimA/ + l)/2. 

This operator extends to a well-defined self-adjoint involution on Ll{M,E), which 
we also denote by F. The following properties of T are essential for the later 
construction. 

Lemma 3.3. The self-adjoint involution T relates the minimal and maximal closed 
extensions of V and V as follows 

rv„,i„r = (v;„,j*, rv.naxr = (v;„iJ*. 

Proof. One first checks explicitly, cf. [BGV, Proposition 3.58] 

rvr = (V')*, rv'r = v*. 

Recall that the maximal domain of V, V can also be characterized as a subspace 
of L1{M, E) with its image under V, V being again in Ll{M, E). Since F gives an 
involution on Ll{M, E), we obtain: 

i.e. rv„,axr = (v:„iJ*, rv;_r = v:;i„. 

Taking adjoints on both sides of the last relation, we obtain the full statement of 
the lemma, since T is self-adjoint. □ 

Now wc can introduce the following central concepts. 

Definition 3.4. (2?, V) :~ (X'^in, Vmin) © (^'maxi Vmax)- The chirality operator T 
on {V, V) by definition acts anti- diagonally with respect to the direct sum of the 
components 

r 
r 



(3.2) r := 



The Frcdholm complex (P, V) with the chirality operator T is in case of a fiat 
Hermitian metric a complex with Poincare duality, in the sense of [BLl, Lemma 
2.16], i.e. 

V/i^ = => fv = v*r, 

which follows directly from Lemma 13.31 Wc now apply the concepts of Bravcrman 
and Kappeler to our new setup. 

Definition 3.5. The odd-signature operator of the Hilbert complex [V, V) is defined 
as follows 

B:=rv + vr. 

Before we can state some basic properties of the odd signature operator, let us recall 
the notions of the Gauss-Bonnet operator and its relative and absolute self-adjoint 
extensions. The Gauss-Bonnet operator 

D^B ;= v + V*, 
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admits two natural self-adjoint extensions 

(3.3) ~ Vmin + Vfjjjjj , -Dabs = ^max + V^jj^xJ 

respectively called the relative and the absolute self-adjoint extensions. Their 
squares are correspondingly the relative and the absolute Laplace operators: 

Similar definitions, of course, hold for the Gauss-Bonnet Operator associated to the 
dual covariant derivative V'. Now we can state the following basic result. 

Lemma 3.6. The leading symbols of B and T (l?^P ffi ^ab^) coincide and more- 
over 

Proof. First recall the relations 

rvr = (v')*, rv*r==v'. 

All connections differ by an endomorphism-valued differential form of degree one, 
which can be viewed as a differential operator of order zero. This implies the 
statement on the leading symbol of B and f (-D^f © D'^f) 

A differential operator of zero order naturally extends to a bounded operator on the 
L^-Hilbert space, and hence does not pose additional restrictions on the domain, 
in particular we obtain (compare Lemma l3.3p 

2?(V,;in) = P(rV„,axr), P(V:,ax) ^ V{T\/^,^T). 

Using these domain relations we find: 



abs 

□ 



Note by the arguments of the lemma above that S is a bounded perturbation of a 
closed operator F (f^f © D'^g) and hence is closed, as well. Before we continue 
analyzing the spectral properties of the odd-signature operator S, let us introduce 
some concepts and notation. 

Definition 3.7. Let D be a closed operator in a separable Hilbert space. An angle 
€ [0, 27r) is called an "Agmon angle" for D, if for Rg C <C being the cut in C 
corresponding to 9 

Re := {z e C\z = |z| -e'^} 
we have the following spectral relation 

Re n Spec(i:))\{0} = 0. 

Theorem 3.8. [S. Agmon, R. Seeley] Let {K,g^) be a smooth compact oriented 
Riemannian manifold with boundary dK . Let [F, h^) be a Hermitian vector bundle 
over K . The metric structures {g^,h^) define an L^ -inner product. Let 

D : C°°(X,F) -> C°°{K,F) 

be a differential operator of order u such that uj-rankF is even. Consider a boundary 
value problem {D, B) strongly elliptic with respect to C\M* in the sense of [Gi]. 
Then 
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(i) Db is a Fredholm operator with compact resolvent and discrete spectrum of 
eigenvalues of finite (algebraic) multiplicity, accumulating only at infinity. 

(ii) The operator Db admits an Agmon angle 6 G (— 7r,0) and the associated 
zeta-function 

Cis, Db):^ m(A).Ar, Rc(s) > 

AeSpoc(nB)\{o} 

where Xg'' :— cxp(— s • logg A) and m(A) denotes the multiplicity of the 
eigenvalue A, is holomorphic for Rc(s) > dim K/uj and admits a mero- 
morphic extension to the whole complex plane C with s = being a regular 
point. 

For the proof of the theorem note that the notion of strong cUipticity in the sense 
of [Gi] in fact combines eUipticity with Agmon's conditions, as in the treatment 
of eUiptic bomidary conditions by R.T. Seclcy in [Sel, Sc2]. The statement of the 
theorem above foUows then from [Ag] and [Sel, Se2]. 

Remark 3.9. The definition of a zeta-function, as in Theorem \3.8\ ( ii ). also applies 
to any operator D with finite spectrum {Ai, .., An} and finite respective multiplicities 
{mi, .., m„}. For a given Agmon angle 9 G [0, 2tt) the associated zeta-function 

n 

Ce{s,D):= J2 "^^-(^Or 

is holomorphic for all s G C, since the sum is finite and the eigenvalue zero is 
excluded. 



Now we return to our specific setup. The foUowing result is important in view of 
the relation between B and the Gauss-Bonnet operators with relative and absolute 
boundary conditions, as established in Lemma 13.61 

Proposition 3.10. The operators 

D = f{Dgf ® i?i<gf ), = A,ei ® Alb. 

are strongly elliptic with respect to C\M* and C\]R+, respectively, in the sense of 
P. Gilkey [Gi]. 

The fact that Z?^ = Arei ® A(.j,j is strongly elliptic with respect to C\M"'" is already 
encountered in Theorem 13.21 The strong cUipticity of D now follows from [Gi, 
Lemma 1.11.2]. Note that this result in the reference [Gi] is proved explicitly, even 
though other aspects of [Gi, Section 1.11] are rather expository. 

Since Lemma l3.6l asscrts the equality between the leading symbols of the differential 
operators B, D and moreover the equality of the associated boundary conditions, 
the odd signature operator B and its square B'^ are strongly elliptic as well. This 
proves together with Theorem 13.81 the next proposition. 

Proposition 3.11. The operators B and B^ are strongly elliptic with respect to 
C\M* and C\M~'", respectively, in the sense of P. Gilkey [Gi]. The operators B,B^ 
are discrete with their spectrum accumulating only at infinity. 
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Let now A > be any non-negative real number. Denote by 11^2 [q.a] the spectral 
projection of onto eigenspaces with eigenvalues of absolute value in the interval 
[0,A]: 

nB2.[o.A] TT ~ ^y^dx, 

with C(A) being any closed counterclockwise circle surrounding eigenvalues of ab- 
solute value in [0, A] with no other eigenvalue inside. One finds using the analytic 
Fredholm theorem that the range of the projection lies in the domain of and 
that the projection commutes with B^. 

Since B^ is discrete, the spectral projection 1182 [q.a] is of finite rank, i.e. with 
a finite-dimensional image. In particular ng2 [q ;^] is a bounded operator in 
L1{M,E © E). Hence with [K, Section 4, p. 155] the decomposition 

(3.4) Ll{M,E®E) = Imagcn82jo,A] ©Image(l -n82_[o,A]), 

is a direct sum decomposition into closed subspaces of the Hilbert space (M, E © 
E). 

Note that if B^ is self-adjoint, the decomposition is orthogonal with respect to the 
fixed L^— Hilbert structure, i.e. the projection ng2 is an orthogonal projection, 
which is the case only if the Hermitian metric is flat with respect to V. 

The decomposition induces by restriction a decomposition of P, which was intro- 
duced in Definition 13.41 

25 = P[o,A] ®^(A,oo). 

Since V commutes with B^B'^ and hence also with ng2 [o.a]j we find that the de- 
composition above is in fact a decomposition into subcomplexes: 

(P,V) = (P[o,A],V[o,A])©(^(A.oo),V(A,oo)) 

(3.5) where Vj := for I = [0, A] or (A, oo). 

Further F also commutes with B^B'^ and hence also with 11^2 y^ xy Thus as above 
we obtain 

r = F[o^A] © r(A^oo). 

Consequently the odd-signature operator of the complex (2?, V) decomposes corre- 
spondingly 

B = © 

(3.6) where B^ := FiVi + ViFj for I = [0, A] or (A, oo). 

The closedness of the subspace Image(l ^b^,[o,x]) impHes that the domain of 

^(A,oo) 

P(^(A,oo)) ^ lmagc{l ~ n82 jo,A]) 

is closed under the graph-norm, hence the operator B^'^'°°'> is a closed operator in 
the Hilbert space Image(l — He2 [q ,;^]). 

We need to analyze the direct sum component For this we proceed with 

the following general functional analytic observations. 
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Proposition 3.12. Let D be a closed operator in a separable Hilbert space 
{H, (•, ■)). The domain D{D) is a Hilbert space with the graph-norm 

{x,y)D = {x,y) + {Dx,Dy) 

for any x,y G 'D(D). Let ResD ^ 0. Then the following statements are equivalent 

1 ) The inclusion l : T>(D) ^ H is a compact operator 

2) D has a compact resolvent, i.e. for some (and thus for all) z G Res{D) the 
resolvent operator [D — z)~^ is a compact operator on H . 

Proof. Assume first that tlie inclusion l : 'D{D) ^ H is a compact operator. Since 
SpecZ? 7^ C the resolvent set Res(Z?) is not empty. For any z £ Res(D) the resolvent 
operator 

{D - z)-^ : H ^ V{D) 
exists and is bounded, by definition of the resolvent set. With the inclusion l being 
a compact operator we find directly that [D — z)~^ is compact as an operator from 
H to H . Finally, if [D — z)^^ is compact for some z £ Res(£'), then by the second 
resolvent identity it is compact for all z £ Res(£'), see also [K, p. 187]. 

Conversely assume that for some (and therefore for all) z £ Res(D) the resolvent 
operator (D — z)~^ is compact as an operator from H into H. Observe 

L={D - z)-^ o{D-z): V{D) ^ H. 

By compactness of the resolvent operator, t is compact as an operator between the 
Hilbert spaces 'D{D) and H . □ 

Proposition 3.13. Let D he a closed operator in a separable Hilbert space H with 
Res{D) ^ and compact resolvent. Then D is a Fredholm operator with 

index D ~ 0. 

Proof. By closedness of D the domain T>{D) turns into a Hilbert space equipped 
with the graph norm. By Proposition 13.121 the natural inclusion 

i : V{D) H 

is a compact operator. Therefore, viewing T>{D) as a subspace of H , i.e. endowed 
with the inner-product of H , the inclusion 

L : V{D) CH H 

is relatively Z3-compact in the sense of [K, Section 4.3, p. 194]. More precisely this 
means, that if for a sequence C 'D{D) both and {Dm„} are bounded 

sequences in H , then C H has a convergent subsequence. 

Now for any A £ C\Spec(Z)) the operator 

[D - Xl) : V{D) CH ^ H 

is invertible and hence trivially a Fredholm operator with trivial kernel and closed 
range H. In particular 

index(D - At) = 0. 

Now, from stability of the Fredholm index under relatively compact perturbations 
(see [K, Theorem 5.26] and the references therein) we infer with the inclusion t 
being relatively compact, that D is a Fredholm operator of zero index: 

index D = index(D — Xl) = 0. 
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□ 

Corollary 3.14. The operator B^^-°°'> : V{B'-^'°°^) Imagc(l - ne2_[o,A]) of the 
complex (I'(A,oo); V(A,oo)) with X > is bijective. 

Proof. Consider any A G C\SpcC;B. By the strong ellipticity of B, the operator 

{B-X):V{B)^ Ll{M,E®E) 

is bijective with compact inverse. Hence we immediately find that the restriction 

(^(A,oo) _x) = {B-X)\ lm(f - ne2,[o.A]) : V{B^^'°^^) ^ Im(f - He^joa]) 

is bijective with compact inverse, as well. Now we deduce from Proposition 13.131 
that is Frcdholm with 

index = 0. 

The operator 3^^'°°"^ is injective, by definition. Combining injectivity with the 
vanishing of the index, we derive surjectivity of 6^'^'°°-'. This proves the statement. 

□ 

Note, that in case of a flat Hermitian metric the assertion of the previous corollary 
is simply the general fact that a self-adjoint Fredholm operator is invertible if and 
only if its kernel is trivial. 

Corollary 3.15. The subcomplex (2?(a.oo): V(a.oo)) "is acyclic and 

^i"*(P[0,A],V[o,A])) = i^*P,V). 

Proof. Corollarv l3.14l allows us to apply the purely algebraic result [BK2, Lemma 
5.8]. Consequently (2'(a.oo)7 V(A,oo)) is an acyclic complex. Together with the de- 
composition p.5p this proves the assertion. □ 

Observe that since the spectrum of B^ is discrete accumulating only at infinity, 
(^[o.A]: ^[o.A]) is a complex of finite-dimensional complex vector spaces with ^[n.x] ■ 
■^fo A] ~^ -^[o A^ being the chirality operator on the complex in the sense of [BK2, 
Section 1.1]. 

We also use the notion of determinant lines of finite dimensional complexes in 
[BK2, Section 1.1], which are given for any finite complex of finite-dimensional 
vector spaces (C*,9,) as follows: 

BetH*{C*,d,) = (g) det 9,)*"'^' , 

k 

where det i?'^(C*, 9*) is the top exterior power of i7'^(C*,9*) and 
detH^{C*,d^)-'^ = detiJ'^'(C*,a,)*. We follow [BK2, Section 1.1] and form 
the "refined torsion" (note the difference to "refined analytic torsion") of the 
complex (:D[o,a], V[o,A]) 

(3.7) p[o,A] := Co (ci)-i ® • ■ • ® (c^)(-i''' {fio,x]Cr)^~'^^^^' <E) ■ ■ ■ 

• ■ ■ ® (r[o,A]Ci) (r[o,A]Co)(-^) e Det(F*(P[o,A], V[o,a])), 

where Ck G det iJ'"'(X'[Q , V[o,a]) are arbitrary elements of the determinant lines, 
r[o,A] denotes the chirality operator ^[o,\] ■ T>Tq ^fo aI* extended to determinant 
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lines and for any v e dot H'^ (2^[o, a] , ^[o, a] ) the dual v ^ E det H'^ (Z^[o,a] , ^[o,a] ) ^ = 
dct H'^{'D[q X], V[o,A])* is the unique element such that v~^{v) = 1. 

By Corollary 13.151 we can view p[o.A] canonically as an element of Det(i7*(2?, V)), 
which we do henceforth. 

The second part of the construction is the graded determinant. The operator 
^(A,oo)^ ;\ > is bijective by Corollary 13 . 1 41 and hence by injectiyity (put I = (A, oo) 
to simplify the notation) 

(3.8) ker(Vifx) n ker(f iVx) = {0}. 

Further the complex {T>j, Vj) is acyclic by Corollary 13.151 and due to Fx being an 
involution on Im(l — [q ,;^]) we have 

(3.9) ker(Vxfx) = fxker(Vx) = rxIm(Vx) = Im(rxVx), 

(3.10) ker(rxVx) - ker(Vx) = Im(Vx) = Im(Vxrx). 

We have Im(rxVx) + Ini(Vxrx) = Im(S-^) and by surjectivity of S-^ we obtain 
from the last three relations above 

(3.11) Im(l - ne2,[o,A]) = ker(Vxrx) ker(rxVx). 
Note that B leaves kcr(Vr) and ker(rV) invariant. Put 

Btvcn""^ ■■= t n ker(Vr), 

B-J^'°"^ := \ P'^™'^ n ker(f V). 

We obtain a direct sum decomposition 

>5(A,oo) _ K?+,(A,oo) ^ tj-,(A,oo) 
*^cvcn *^cven ^ *^cvcn 

As a consequence of Theorem 13.81 (ii) and Proposition 13.111 there exists an Agmon 
angle 6 G (— tt, 0) for B, which is clearly an Agmon angle for the restrictions above, 
as well. 

By Theorem l3.8l and Proposition 13 . 1 II the zeta function (g{s,B) is holomorphic for 
Re(s) sufficiently large. The zeta-functions Ce{s, 'Seven '°°'') of Bt^'en'°°\ defined with 
respect to the given Agmon angle 9, are holomorphic for Re(s) large as well, since 
the restricted operators have the same spectrum as B but in general with lower or 
at most the same multiplicities. 

We define the graded zeta-function 

QrA-^,Bi^^'^^) G(s,B+i^°°)) - Ce{s, ~BJ^-^^), i?e(s) » 0. 



In the next subsection we prove in Theorem 14.41 that the graded zeta-function 
extends meromorphically to C and is regular at s = 0. For the time being we shall 
assume regularity at zero and define the graded determinant. 

Definition 3.16. [Graded determinant] Let 9 £ (— 7r,0) he an Agmon angle for 
^(A,oo)^ r/ien the "graded determinant" associated to and its Agmon angle 
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9 is defined as follows: 

deV,e(B(^'r^):=exp(-^ 



a 

s=0 



Proposition 3.17. The element 

p(V,.9^^/l^) deV,,(^(^^-)) . p[o,A] e Dct(i7*(P, V)) 

zs independent of the choice of X > and choice of Agmon angle 9 G (— 7r,0) for 
the odd-signature operator B^^'°°\ 

Proof. Let < \ < fi < oo. We obtain X'[o,^] = 'D[o,x] ffi ^^(a,^] and also 'C(a,oo) = 
^(A,/i] ffi2^(/i,oo)- Since tlie odd-signature operator respects this spectral direct sum 
decomposition (see p.6p ). we obtain 

detgr(^cvcn ') ~ '^^^gr i^cvcn ) ' '^^^ gr{^ ever})- 

Further the purely algebraic discussion behind [BK2, Proposition 5.10] implies 

P[o,m] = detg^(S(^'^l) • p[o,A]- 

This proves the following equality 

det,,(i3(^--)) . p[o,A] = dct,,(i3(t;--)) . p[o,^]. 

To see independence of G (— 7r,0) note that the strongly elliptic operator (cf. 
Lemma I3.6P 

is self-adjoint and B differs from D by a bounded perturbation. By a Neumann- 
series argument and the asymptotics of the resolvent for D (see [Sel, Lemma 15]) 
we get: 

(3.12) y9 G (-TT, 0) : Spec(S) n Re is finite. 

By discreteness of B we deduce that if 9,9' G (— 7r,0) are both Agmon angles for 
j^{\,oo)^ there are only finitely many eigenvalues of B^^'°^'> in the solid angle between 
9 and 9' . Hence 



ds 



Cg.,(,'(s,i3(^^5r^)) mod27ri, 
and therefore det,,,,^ {B^^^n^ ) = detg,,^' (6^v™ ^ ) ■ 
This proves independence of the choice of 9 <E (— tt, 0) and completes the proof. □ 



The element /o(V, g^^ , h^) is well-defined but a priori not independent of the choice 
of metrics , and so does not provide a differential invariant. In the next 
subsection we determine the metric anomaly of p(V, g*^, h^) in order to construct 
a differential invariant, which will be called the refined analytic torsion. 
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4. Metric Anomaly and Refined Analytic Torsion 

Wc introduce the notion of the eta-function leading to the notion of the eta- 
invariant of an elhptic operator. The eta-invariant was first introduced by Atiyah- 
Patodi-Singer in [APS] as the boundary correction term in their index formula. 

Theorem 4.1. [P.B. Gilkey, L. Smith] Let {K,g^) be a smooth compact oriented 
Riemannian manifold with boundary dK . Let [F, h^) be a Hermitian vector bundle 
and let the metric structures {g^,h^) define an L^ — scalar product. Let 

D : C°°iK,F) ^ C°°{K,F) 

be a differential operator of order to such that to ■ ranki^ is even. Let a boundary 
value problem [D, B) be strongly elliptic with respect to C\M* and an Agmon angle 
9 G (— TT, 0). Then we have 

(i) Db is a discrete Fredholm operator in the Hilbert space L'^(K,F) and its 
eta-function 

Rc(A)>0 Rc(A)<0 

where m(A) denotes the finite (algebraic) multiplicity of the eigenvalue A , 
is holomorphic for Re{s) large and extends meromorphically to C with at 
most simple poles. 

(ii) Lf D is of order one with the leading symbol cro{x,S,),x G /\ , ^ G T*K 
satisfying 

where I is ranki^ x rank_F identity matrix, and the boundary condition B 
is of order zero, then the meromorphic extension of r]0{s, Db) is regular at 
s = 0. 

The proof of the theorem follows from the results in [GSl] and [GS2] on the eta- 
function of strongly elliptic boundary value problems. The fact that rie{s,DB) is 
holomorphic for Re(s) sufficiently large is asserted in [GSl, Lemma 2.3 (c)]. The 
meromorphic continuation with at most isolated simple poles is asserted in [GSl, 
Theorem 2.7]. 

The fact that s = is a regular point of the eta-function is highly non-trivial and 
cannot be proved by local arguments. Using homotopy invariance of the residue at 
zero for the eta-function, P. Gilkey and L. Smith [GS2] reduced the discussion to a 
certain class of operators with constant coefficients in the collar neighborhood of the 
boundary and applied the closed double manifold argument. The reduction works 
for differential operators of order one with 0-th order boundary conditions under 
the assumption on the leading symbol of the operator as in the second statement of 
the theorem. The regularity statement of Theorem 14. II follows directly from [GS2, 
Theorem 2.3.5] and [GS2, Lemma 2.3.4]. 

Remark 4.2. The definition of an eta-function, as in Theorem \^.l\ (i), also applies 
to any operator D with finite spectrum {Ai, .., A„} and finite respective multiplicities 
{toi, .., m„}. For a given Agmon angle G [0, 27r) the associated eta-function 

Ro(A)>0 Rc(A)<0 
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is holomorphic for all s G C, since the sum is finite and the zero- eigenvalue is 
excluded. 

Proposition 4.3. The eta-function rig{s, Bcvcn) associated to the even part Bcvcn 
of the odd-signature operator and its Agmon angle 9 £ (— tt, 0), is holomorphic for 
Re{s) large and extends meromorphically to C with s ~ being a regular point. 

The statement of the proposition on the meromorphic extension of the eta-function 
is a direct consequence of Theorem 14.11 (i) and Proposition 13.111 The regularity 
statement follows from Theorem 14. II (ii) and an explicit computation of the leading 
symbol of the odd-signature operator, compare also [GS2, Example 2.2.4]. 

Using Proposition 14.31 we can define the eta-invariant in the manner of [BK2] for 
B 

(4.1) ?7('^ovcn) := ^ iveis = 0, Seven) "f m+ - m_ -f mo) , 

where m± is the number of Seven —eigenvalues on the positive, respectively the 
negative part of the imaginary axis and rriQ is the dimension of the generalized 
zero-eigenspacc of Bovon- 

Implicit in the notation is also the fact, that ri{Bcvcn) does not depend on the 
Agmon angle 6 G (— 7r,0). This is due to the fact that, given a different Agmon 
angle 9' £ (— 7r,0), there are by (|3.12p and discreteness of B only finitely many 
eigenvalues of Bcvcn in the acute angle between 9 and 9' . 

Similarly we define the eta-invariants of Bivcn^ and Seven and in particular we get 

^(Seven)-^](Cc5f^)+^(»ivc^l)- 

Before we prove the next central result, let us make the following observation. 

Consider the imaginary axis iR C C. By (|3.12p there are only finitely many eigen- 
values of B on iM.. Further by the discreteness of B small rotation of the imaginary 
axis does not hit any further eigenvalue of B and in particular of B^vcnK ^ > 0. 
More precisely this means that there exists an e > sufficiently small such that the 
angle 

is an Agmon angle for SovcS°'' and the solid angles 

Li-^/2.e] := {z e C\z = \z\ ■ e't ^ £ (-7r/2, 0]}, 
Li./2,0+.] {z e <C\z = \z\ ■ e'^ £ (^2, 9 + tt]} 

do not contain eigenvalues of Seven"'. With this observation we can state the fol- 
lowing central result: 

Theorem 4.4. Let 9 £ (— 7r/2, 0) he an Agmon angle for Sovoif ' such that there are 
no eigenvalues of Bivcn ^ in the solid angles i(-7r/2,6i] a'^'^ ^(-ir/2.e-i-7r] • Then 29 is an 
Agmon angle for (Slven°'*)^- Then the graded zeta-function Cgr,e(s, slven°''), Re{s) ^ 
extends meromorphically to C and is regular at s ^ with the following derivative 
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at zero: 
ds 



d 



' ds 



in 



k=Q 

Proof. For Re{s) > the general identities [BKl (4.10), (4.11)] imply the following 
relation between holomorphic functions: 

2^ ' 



+ [^(s,i3(^e5f^)+/(s)' 

where /(s) is a holomorphic function (combination of zeta-functions associated to 
finite-dimensional operators) with 

/(0) = m+(Ci-))-™_(B(^i-)), 

where rn±{-) denotes the number of eigenvalues of the operator in brackets, lying 
on the positive, respectively the negative part of the imaginary axis. 

Put T = (A, oo) to simplify notation. Recall (|3.10p and show that 

(4.2) Vi : ker(Viri) ker(riVj) = Im(Viri) 

is bijcctive. Indeed, injcctivity is clear by p.Sp . For surjcctivity let x ~ ViFxw 6 
Im(Viri) with (recaU (|XTT|) ) 

v^v' (Bv" e Im(Vjrx) ® Im(rxVi) = Im(l - ngsjo.A]). 

In particular v" E Im(FiVi) = kerVjFx and v' ~ ViFjcj for some uj. Hence we 
obtain 

X = ViFju = VxFjw' = ViFxViFiw, 
and FxVjFxCiJ G ker ViFj. 

In other words we have found a prcimage of any x € Im(VxFx) under Vx- This 
proves bijectivity of the map in (j4.2p and consequently, since Vx commutes with 
and {B-^)^, we obtain in any degree fc = 0, ..,m 

(4.3) C2fl(s, {B+'^r \ V'^) = C2e(s, {B-'^f \ 

Using this relation we compute straightforwardly for Re{s) sufficiently large: 

rn 

(4.4) C2«(s, (i?+vi)') - C2e{s, {B-^lf) = ■ ^ ■ C2«(s, {^^? \ 

k=0 

We arive at the following preliminary result for Re{s) 3> 

-. m 

(4.5) QrA^, Con)) = 2 (1 + e-"^) • ^ • C2«(^' (^^)' t ^') + 

fe=0 

+ ^(l-e-^-^) [77(s,SLn) + /(s)]. 
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We find with Theorem 13.81 and Proposition 14.31 tliat the right hand side of the 
equality above is a meroniorphic function on the entire complex plane and is regular 
at s = 0. Hence the left hand side of the equality, the graded zeta-function, is 
meromorphic on C and regular at s = 0, as claimed and as anticipated in Definition 
13.161 Computing the derivative at zero, we obtain the statement of the theorem. □ 

As a consequence of the theorem above, we obtain for the element p{V,g^^,h^) 
defined in Proposition 13 . 1 71 the following relation 

(4.6) p(y,g'',h^) - «l(v,3-)g-.^,(B(J-'(3»)) . ^^^^^^^ 



1 r! 

(4.7) ^,(v,5^0 = iE(-l)'-^"^ 

fc=0 



s=0 



1 " 

(4.8) ^UV, g") = 2 E(-l)' • ^ • C2«(^ = 0, {B' \ Pf,,^))). 

Now we can identify explicitly the metric dependence of p(V, g'^',h^) using the 
formula (|4.6p . 

First note that the construction is in fact independent of the choice of a Hermitian 
metric . Indeed, a variation of does not change the odd-signature operator 
;S as a differential operator. However it enters a priori the definition of 'D{B), since 
defines the L^— Hilbert space. 

Recall that different Hermitian metrics give rise to equivalent L^— norms over com- 
pact manifolds. Hence a posteriori the domain I?(S) is indeed independent of the 
particular choice of . 

Independence of the choice of a Hermitian metric is essential, since for non- 
unitary flat vector bundles there is no canonical choice of and Hermitian metric 
is fixed arbitrarily. 



Consider a smooth family g {t),t G M of Riemannian metrics on AI. Denote by Ft 
the corresponding chirality operator in the sence of Definition 13.21 and denote the 
associated refined torsion (recall (|3.7p i of the complex (^?t.[o.A], Vt,[o,A]) by pt,[o,A]- 

Let B{t) = B{V , g^^ {t)) be the odd-signature operator corresponding to the Rie- 
mannian metric g^\t). Fix to G K and choose A > such that there are no 
eigenvalues of S(to)^ of absolute value A. Then there exists 5 > Q small enough 
such that the same holds for the spectrum oiB{tY for |t — io| < 5. Under this setup 
we obtain: 

Proposition 4.5. Let the family g^ (t) vary only in a compact subset of the interior 
of M. Then exp(^A(V, .g^^(t))) • Pt.[o.x] "is independent of t € {to — S,to + 6). 

Proof. The arguments of [BK2, Lemma 9.2] are of local nature and transfer ad 
verbatim to the present situation for metric variations in the interior of the mani- 
fold. Hence the assertion follows for Riemannian metric remaining fixed in an open 
neighborhood of the boundary. □ 

Proposition 4.6. Denote the trivial connection on the trivial line bundle M x C 
by Vtriviai • Consider the even part of the associated odd-signature operator ( recall 
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Definition \3.5\) 

^trivial ^cvcn(^trivial)- 

Indicate the metric dependence by Striviai(^) ■= ^trivial (ff^^)- Then 

77(S(^^-)(t)) - rank(£;)77(Striviai(i)) niodZ 
is independent of t E (to — S,tQ + 5). 

Proof. Indicate the dependence of Pj*Q on g^'^ (t) by 

Vl„ x]it) ■■= Iniagene(t)2jo,A] n25^ 
Note first tlic by the clioicc of (5 > 

dimP|'Q_;^](t) = const, t e {to - S,tQ + S). 

Since ;Bovcn (t) is finite-dimensional, we infer from the definition of the eta-invariant 
(cf. [BK2, (9.11)]) 

(4.9) viBtel dim P^g (t) = const mod Z, t e (to - 5, t^ + S). 

By construction 

Hence, in view of l|4.9|) . it suffices (modulo Z) to study the metric dependence of 
the eta-invariant of ??(Bcvcn(^))- 

View Bcvcnit) as a pair of a differential operator PE(t) with its boundary conditions 
Qsit)- Similarly view ;Btriviai(0 as a pair {Pc{t), Qc{t))- Note that by construction 
the pair {Pe (t) , Q e {t)) is locally isomorphic to {Pc{t),Qc{t)) x since the flat 
connection V is locally trivial in appropriate local trivializations. 

Since the variation of the eta-invariants is computed from the local information of 
the symbols (cf. [GSl, Theorem 2.8, Lemma 2.9]), we find that the difference 

?7(Seven(i)) " rank(£;)?7(Stiiviai (i)) = 
= Tj{PE{t),QE{t)) - TankiE)rjiPc{t),Qcit)) 

is independent of <: G M modulo Z. The modulo Z reduction is needed to annihilate 
discontinuity jumps arising from eigenvalues crossing the imaginary axis. This 
proves the statement of the proposition. □ 

Proposition 4.7. Let B(\7 trivial) denote the odd-signature operator fDefinition \3.5\] 
associated to the trivial line bundle M x C with the trivial connection Vtriviai- 
Consider in correspondence to (|4.8|1 the expression 

e'(Vtrivial,./'(t)) = 2 E(-l)' • • C2e(s = 0, (S(Vt.,vial,/'(i))' \ 
k=0 

Then 

C;(V, g^'it)) - rank(^) • ^'(Vtdviai, g'' (t)) mod Z 
is independent o/i G M. 
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Proof. We show first that modulo Z it suffices to study the metric dependence of 

rn 
k=0 

Indeed, by construction wc have 

1 ™ 

C'(V,g^^(0) = ei(V,/^(i)) + - ^(-1)'= • k ■ dimPfo,,j(i). 



2 

A:=0 



Anticipating the auxihary result of Lemma 14.81 (iii) below, we obtain 

C'(V,.g'^(0)^CA(V,/^W) modZ. 
Recall that S(Vtriviai, 5^^) x l'*^^ and B{\7,g^^) are locally isomorphic, as already 



encountered in the proof of Proposition 14.61 Now the statement of the proposition 
follows from the fact that the value of a zeta function at zero is given, modulo Z 
in order to avoid dimker;B(t) G Z, by integrands of local invariants of the operator 
and its boundary conditions. □ 

Lemma 4.8. Let I C M denote any bounded intervall. Then 

(i) i EfcLo(-l)''^^ • ■ dimPf = dimPf ™ mod 2Z. 

(ii) If Oil, then dimP^-™" = mod 2Z, 

(iii) IfO i I, then 5 E™=o(-l)''^^ ' ' diml5^ = mod Z. 
Proof. Note first the following relation 



Hence with r = (jti + l)/2 we obtain: 



r-l 



1 _ 1 ~ 

(4.10) - ^(-1)''+^ • fc • dimPj = - ^(to - 4fc) ■ dimPf'^ = 



' ^ 2 

k=0 k=0 



r-l 

(4.11) = ^ dim Pf™"^ - 2 ^ fc • dim 

fc=0 



This proves the first statement. For the second statement assume 0^1 till the end 
of the proof. Consider the operators 

(4.12) Bp^ = FiVi : n ker(Viri) ^ n ker(Viri), 

(4.13) = VxPi : P| n kcr(fiVx) ^ n ker(rjVi). 

Since ^ X, the maps B^'"^ are isomorphisms by bijectivity of the map in (|4.2p . 
Furthermore they commute with (B^'^)"^ in the following way 

(4.14) B^^^ o [{B^^^f \ V^] = [{B^'^f \ 25"-^-Ti] ^ ^±,i_ 

Hence we obtain with T)j'^ denoting the span of generalized eigenforms of {B^'-^)"^ \ 
T)^ the following relations 

dimP+''= =dimP+^'"-'=-\ 
dimX'j''" = dimPj '" '^^^^ 
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Due to dimPj™" = dim 2?^'°™" + dirnVj'^^"^ this implies (recall M is odd- 
dimensional) 

(4.15) dim:D|™" = dimP+'^P mod 2Z,if dimAf = 4p+ 1, 

(4.16) dimP|™" = dimP^r-^P mod 2Z,if dim7\/ = 4p - 1. 
Finally recall the explicit form of (B^)^: 

\_jDtO 

max 

.^-^2 ^ f v„unrv„,axr \ ^ f 

> [ V,naxrV,ninr / ' I 



Moreover we put 
Note the following relations 



(rVniin)oi?+ = i?2 o(rv„,i„), 

i'^ 0(rV,nax) = (rV„,ax)oi?+; 

(Vinaxr) 0^=0^0 (Vmaxr), 

^ro(v,ni„r) = (v„iinr)oi?2-. 

Due to ^ X these relations imply, similarly to (|4.14p . spectral equivalence of D^'^ 

i X • • • ■ • ' 

and j, in the middle degree k = 2p for dim M — 4p± 1, respectively. This finally 
yields the desired relations 

dimPJ™^ = dimP+'^P ^ mod 2Z,if dimM = 4p+ 1, 
dimP^-™" = dimVj-^P = mod 2Z,if dimM = 4p - 1. 

□ 

Propositions l4.51l4.6l and [477l determine together the metric anomaly of p(V, g*^, h^) 
up to a sign and we deduce the following central corollary. 

Corollary 4.9. Let M be an odd- dimensional oriented compact Riemannian man- 
ifold. Let {E, V, h^) be a flat complex vector bundle over M . Denote by VtrWiai the 
trivial connection on M x C and let Striviai denote the even part of the associated 
odd-signature operator. Then 

Pan(V) := p(V,/^/l^) • exp [z^rk(S)(77(6tnvial (./')) +^'(Vtdvial,/'))] 

is modulo sign independent of the choice of g^^ in the interior of M . 

In view of the corollary above we can now define the " refined analytic torsion" . It 
will be a differential invariant in the sense, that even though defined by geometric 
data in form of the metric structures, it is shown to be independent of their form 
in the interior of the manifold. 

Definition 4.10. Let M be an odd- dimensional oriented Riemannian manifold. Let 
(i?, V) be a flat complex vector bundle over M . Then the refined analytic torsion 
is defined as the equivalence class o/pan(V) modulo multiplication by exp[i7r]; 

Pa„(Af,^) :=Pan(V)/e... 
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Note that the sign indeterminacy is also present in the original construction by 
Braverman and Kappeler. see [BK2. Remark 9.9 and Remark 9.10]. In the presen- 
tation below, we refer to the representative Pan(V) of the class pa,n{M, E) as refined 
analytic torsion, as well. 



5. Ray- Singer norm of Refined analytic torsion 

Recall first the construction of the Ray-Singer torsion as a norm on the determi- 
nant line bundle for compact oriented Riemannian manifolds. Let {M,g^^) and 
{E, V, h^) be as in Subsection [31 

Let Arci be the Laplacian associated to the Fredholm complex (Pmin, Vmin) defined 
at the beginning of Section [31 As in (|3.5p in case of the squared odd-signature op- 
erator B^, it induces a spectral decomposition into a direct sum of subcomplexes 
for any A > 0. 



The scalar product on ^'UJjn' induced by g*'' and , induces a norm on the de- 
terminant line Det(I?|°j,^' , vj^j^') (we use the notation of determinant lines of finite 
dimensional complexes in [BK2, Section 1.1]). There is a canonical isomorphism 

: Det(p|^:^i, V|;;:^l) ^ Deti7*(P^in, V„,in), 



induced by the Hodge-decomposition in finite-dimensional complexes. Choose on 

rol 
A 

-,(A,CX3) ^(A,C30)\ 



DetiJ*(I?inin, Vmin) the uorm II • such that becomes an isometry. Fur- 
ther denote by T'|.^"^^(Vinin) the scalar analytic torsion associated to the complex 

V mill ' mill 



/i ™ 

(A,oo)>.^min; — exp I - ^(-1) ■ ■ ^ \a - u, ,.^1 

\ k=\ J 

where is the Laplacian associated to the complex (2^min°\ v|j^;j!^^). Note 

the difference to the sign convention of [RS] . However we are consistent with [BK2] . 

The Ray-Singer norm on Deti7*(Pfninj Vmin) is then defined by 

(5-1) II ' llDftff*CDn,i„,V„,i„) •= II ■ IIa°' ■ ^(A'^oo)(^min)- 

With a completely analogous construction we obtain the Ray-Singer norm on the 
determinant line Deti7*(Pmax, Vmax) 

(5-2) II ■ llgft//.(p_,v_) II • llf ^ • r(f^)(Vmax). 

Both constructions turn out to be independent of the choice of A > 0, which follows 
from arguments analogous to those in the proof of Proposition 13 . 1 71 In fact we get 
for < A < ^: 

11 nrol/abs _ ii iircl/abs „fl5 n 
II ■ 11,1 — II • II A ■ ^(A,^]l Vniin/maxj, 

which implies that the Ray-Singer norms are well-defined. Furthermore by the 
arguments in [Mu, Theorem 2.6] the norms do not depend on the metric structures 
in the interior of the manifold. 



T(roo)(Vmin) exp Yi-ir^ ■ k . Cis = 0, A^^-^) 
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Remark 5.1. Note that the Ray-Singer analytic torsion considered in [V] and [Lii] 
differs from our setup in the sign convention and by the absence of factor 1/2. 

We can apply the same construction to the Laplacian of the complex (T>, V) intro- 
duced in Definition [ 



{V, V) = (A„i„ 

Similarly we obtain 

(5-3) MlSL.(^.v)-ll-IU-r(foo)(V). 

This "doubled" Ray-Singer norm is naturally related to the previous two norms in 
(|5.ip and (|5.2p . There is a canonical "fusion isomorphism", cf. [BK2, (2.18)] for 
general complexes of finite dimensional vector spaces 

fi : Deti?*(2?„,in, V,„i„) © Deti/*(P,„ax, V„,ax) ^ Deti/*(P, V), 

(5.4) such that Mhi h2)\\x = \\hi\\t ■ ||/i2|if ^ 

where we recall (2?, V) = (I^min, V,„in) © (Anax, Vmax) by definition. Further we 
have by the definition of {V, V) following relation between the scalar analytic tor- 
sions: 

(5.5) 1^(^00) (V) = r(^^oo)(Vmi„) • T«^oo)(V.„ax). 

Combining (j5.4p and (j5.5p we end up with a relation between norms 

(5.6) Mh, h,)\\^^^^^,^~ ~^ = ||/ll||gftH.(A„.„.V.„.„) • l|/i2||geV(A_,V_)- 

The next theorem provides a motivation for viewing Pan(V) as a refinement of the 
Ray-Singer torsion. 

Theorem 5.2. Let M be a smooth compact odd- dimensional oriented Riemann- 
ian manifold. Let {E, V, h^) be a flat complex vector bundle over M with a flat 
Hermitian metric . Then 

lban(V)||^f^^.(^^^^ = l. 

Proof. Recall from the assertion of Theorem 14.41 

det,,(S(^i-)) = e«^(^'^") • e-"«^(^'^") • e-^^^^''-"\ 

Flatness of implies by construction that = Aroi © Aabs and hence 

eA(V,.g^) = -logT«l)(V). 

Further Seven is self-adjoint and thus has a real spectrum. Hence ri{Bc 
^^(V,g^^) are real-valued, as well. Thus we derive 

1 



(5.7) detg,(S(^i-)) 



Furthermore we know from [BK2, Lemma 4.5], which is a general result for com- 
plexes of finite-dimensional vector spaces, 

(5.8) IIP[o,a]I|a = 1. 
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Now the assertion follows by combining the definition of the refined analytic torsion 
with (|5.7p . ()5.8|) and the fact that the additional terms annihilating the metric 
anomaly are all of norm one. In fact we have: 



|Pa„(V)||«^ 



RS 



det,.(S(^i-)) 



RS 



(A,cx)) 



(V)-||p[oa]l|A = l. 



□ 



If the Hermitian metric is not flat, the situation becomes harder. In the setup of 
closed manifolds M. Braverman and T. Kappeler performed a deformation proce- 
dure in [BK2, Section 11] and proved in this way the relation between the Ray- 
Singer norm and the refined analytic torsion in [BK2, Theorem 11.3]. 

Unfortunately the deformation argument is not local and the arguments in [BK2] 
do not apply in the setup of manifolds with boundary. Nevertheless we can derive 
appropriate result by relating our discussion to the closed double manifold. 

Assume the metric structures {g^ , h^) to be product near the boundary dM. The 
issues related to the product structures are discussed in detail in [BLZ, Section 2]. 
More precisely, we identify using the inward geodesic flow a collar neighborhood 
[/ C M of the boundary dM diffeomorphically with [0, e) x dM^ e > 0. Explicitly 
we have the diffeomorphism 

(j}-^ : [0,e) X dM U, 

{t,p) 7p(t), 

where jp is the geodesic flow starting at p e dM and 7p(i) is the geodesies from 
p of length t G [0, e). The metric g^^ is product near the boundary, if over U it is 
given under the diffeomorphism (f> : U s- [0, e) x dM by 

(5.9) cl),g"\u^dx^®g^'\aM- 

The diffeomorphism U = [0, e) x dM shall be covered by a bundle isomorphism 
4> : E\u [0, e) x E\gM- The fiber metric is product near the boundary, if it is 
preserved by the bundle isomorphism, i.e. 

(5.10) (f*h^\{x}xaAi = h^ldM- 

The assumption of product structures guarantees that the closed double manifold 

M = M UoM M 

is a smooth closed Riemannian manifold and the Hermitian vector bundle {E, h^) 
extends to a smooth Hermitian vector bundle (E, h^) over the manifold M. 

Moreover we assume the flat connection V on i? to be in temporal gauge. The 
precise definition of a connection in temporal gauge and the proof of the fact that 
each flat connection is gauge-equivalent to a flat connection in temporal gauge, are 
provided in [BV4, ]. 

The assumption on V to be a flat connection in temporal gauge is required in the 
present context to guarantee that V extends to a smooth flat connection D on E, 
with 

D|m = V. 
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Theorem 5.3. Let be an odd- dimensional oriented and compact smooth 

Riemannian manifold with boundary dM . Let [E, V, h^) be a flat Hermitian vector 
bundle with the Hermitian metric , not necessarily flat. 

Assume the metric structures {g^ ,h^) to be product and the flat connection V to 
be in temporal gauge near the boundary dM . Then 

Proof. By assumption wc obtain a closed Riemannian double manifold (M, g^) and 
a flat Hermitian vector bundle (E, D, /i"^) over M with a flat Hermitian metric h^. 
Denote by (P,D) the unique boundary conditions (see [BLl]) of the twisted de 
Rham complex (17* (M, E), D). Denote the closure of rj*(M, E) with respect to the 
L^-scalar product defined by g^ and h^, by L2(M,E). 

The Riemannian metric g^ gives rise to the Hodge star operator * and we set 

G := ^'■(-1)^^* : f7'=(M,E) ^ 17''^"^(M, E), r := (dimA/ + l)/2 

which extends to a self-adjoint involution on L^(M, E). We define the odd signature 
operator B of the Hilbert complex (I?,D): 

B := GD + DG. 

This is precisely the odd-signature operator associated to the closed manifold M, 
as used in the construction of [BKl, BK2]. 

Note that we now have two triples: the triple (B, G,B) associated to the closed 
manifold M and the triple (V, F, B) associated to (M, dM), as defined in Subsection 

El 

Consider now the diffeomorphic involution on the closed double 

interchanging the two copies of Af . It gives rise to an isomorphism of Hilbert 
complexes 

a* : (P,D) ^ (P,D), 

which is an involution as well. We get a decomposition of (C, ©) into the (±1)- 
eigenspaces of a*, which form subcomplexes of the total complex: 

(5.11) (P,D)==(I?+,D+)®(I?-,D-), 

where the upper-indices ± refer to the (±l)-eigenspaces of a*, respectively. 

The central property of the decomposition, by similar arguments as in [BLl, The- 
orem 4.1], lies in the following observation 

(5.12) V+\m - Anax, V-\m = Anin. 

By the symmetry of the elements in T>^ we obtain the following natural isomorphism 
of complexes: 

$ : (P,©) = (P+,D+) ® (P~,D-) ^ (P„,ax, V„iax) ® (Anin, V,„i„), 
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which extends to an isometry with respect to the natural L^— structures. Using the 
relations 

(5.13) $oDo$"i = V, $oGo$-i=r, 

we obtain with A and A, denoting respectively the Laplacians of the complexes 

and (P, V) = (P,ni„, Vn,in) © (^?max , V.nax) : 

$P(A)=X'(A), $oAo$-i = A. 

Hence the odd-signature operators B, B as well as the Laplacians A, A arc spectrally 
equivalent. Consider the spectral projections [q^a] ^^nd 11^2 [g, a] i'^ > of B and 
B respectively, associated to eigenvalues of absolute value in [0, A]. By the spectral 
equivalence B and B we find 

^ o nB2jo,A] = ng2,[o.A] ° 

Hence the isomorphism $ reduces to an isomorphism of finite-dimensional com- 
plexes: 

$A : (2?[0,A],D[0,A]) ^ (^[0,Al,V[o,Al), 

where V^q.^] := T> n ImagenB2jo,A], 
25[o,A] := 25 n Imagene2 [0 A] • 

Moreover <i>A induces an isometric identification of the corresponding determinant 
lines, which we denote again by <I>a, by a minor abuse of notation 

$A :det(P[o,A],B[o,A]) ^det(P[o,A],V[o,A]), 

where we use the notation for determinant lines of finite-dimensional complexes 
in [BK2, Section 1.1]. By CoroUarv 13.151 we have the canonical identifications of 
determinant lines 

(5.14) det(P[o,A],B[o,A]) -deti/*(P,]D)), 

(5.15) det(P[o,A], V[o,A]) -deti/*(P, V), 

The determinant lines on the left hand side of both identifications carry the natural 
L^-Hilbert structure. Denote the norms on det H*{V,'D) and detff*(2?, V) which 
turn both identifications into isometries, by || • ||a and || • \\'^, respectively. Then we 
can view $a as 

$A : detH*{V,D) ^ deti7*(P, V), 
isometric with respect to the Hilbcrt structures induced by || ■ |1a and \\ ■ \\'^. 

Finally, consider the refined torsion elements (not the refined analytic torsion) of 
the determinant lines, as defined in [BK2, Section 1.1], see also p.7p 

pfo^A] G det(P[o,A],D[o,A]) = deti/*(I?,B), 

pfo A] e dot (P[o,A] , V[o,A] ) = det H* (P, V) . 

We infer from (|5.13p the following relation: 

*A {pfo,\]) = pfo,A]. hence: ||p|_a]IIa = l|pfo,A]llA ■ 
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Together with spectral equivalence of A and A, as well as of B and B, with similar 
statements for constructions on trivial line bundles M x C and M x C, we finally 
obtain 

(5.16) \\p.nimliH'ivm = WP^nmiTtH'iV.Vy 

where p^ni^) denotes the refined analytic torsion as defined by M. Braverman and 
T. Kappeler in [BK2] and /Oan(V) denotes the refined analytic torsion in the sense 
of the present discussion. 

The statement now follows from [BK2, Theorem 11.3]. □ 

In the setup of the previous theorem we can improve the sign indeterminacy of 
Pan(V) as follows: 

Proposition 5.4. Let M be an odd- dimensional oriented compact Riemannian 
manifold. Let {E, V, h^) be a flat complex vector bundle over M . Denote by Vtriviai 
the trivial connection on M x C and let ^trivial denote the even part of the associated 
odd-signature operator. 

Assume the metric structures (g^^, h^) to be product and the flat connection V to 
be in temporal gauge near the boundary dAI . Then 

Pan(V) = p(V, g^', h^) ■ exp [in Yk{E){rj{BtH.iA9^')) + ^'(Vtdviai, 5*'))] 

is independent of the choice of g^^ in the interior of M , up to multiplication by 

exp [i7rrank(i?)]. 

In particular it is independent of g^^ in the interior of M for E being a complex 
vector bundle of even rank. 

Proof. Consider a smooth family g^{t),t G M of Riemannian metrics, variing only 
in the interior of M and being of fixed product structure near dM . By arguments 
in Theorem 15.31 we can relate B{g^^{t)) to operators on the closed double M and 
deduce from [BKl, Theorem 5.7] that p{V ^g^^ {t),h^) is continuous in t. However 

exp[i^rk(S)77(BtHviai(5*'(i)))] 

is continuous in t e M only up to multiplication by e"'''^^. Hence the element 
/3an(V), where we denote the a priori metric dependence by pan(V, (7*^(<)), is con- 
tinuous in t only modulo multiplication by e^'^'^^i^) _ Por g'^^ {t) varying only in 
the interior of M and any toi^i G K we infer from the mod Z metric anomaly 
considerations in Propositions 14.61 and 14.71 

Pan(V,g^^(to))=±Pan(V,/^(tl)). 

For rk(£') odd this is already the desired statement, since exp(i7rrk(i?)) = —1. For 
rk(£') even, pan(V, (7^^(t)) is continuous in t and nowhere vanishing, so the sign in 
the last relation must be positive. This proves the statement. □ 

In view of the corollary above we can re-define the refined analytic torsion in the 
setup of product metric structures and flat connection in temporal gauge as follows: 

(5.17) P.n{M,E) :=Pan(V)/,,™„M^). 
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Remark 5.5. The interdeterminacy o/pan(V) modulo multiplication by the factor 
giTTikB j^^^ corresponds and is even finer than the general indeterminacy in the 
construction of M. Braverman and T. Kappeler on closed manifolds, see [BK2, 
Remark 9.9 and Remark 9.10]. 

6. Open Problems 

Ideal Boundary Conditions 

As explained in the introduction, the approach of Braverman and Kappeler in [BKl, 
BK2] requires ideal boundary conditions for the twisted de Rham complex, which 
turn it into a Fredholm complex with Poincare duality and further provide elliptic 
boundary conditions for the associated odd-signature operator, viewed as a map 
between the even forms. In our construction we pursued a different strategy, how- 
ever the question about existence of such boundary conditions remains. 

This question was partly discussed in [BLl]. In view of [BLl, Lemma 4.3] it is not 
even clear whether ideal boundary conditions exist, satisfying Poincare duality and 
providing a Fredholm complex. For the approach of Braverman and Kappeler we 
need even more: the ideal boundary conditions need to provide elliptic boundary 
conditions for the odd-signature operator. We arrive at the natural open question, 
whether such boundary conditions exist. 

Conical Singularities 

Another possible direction for the discussion of refined analytic torsion is the setup 
of compact manifolds with conical singularities. At the conical singularity the ques- 
tion of appropriate boundary conditions is discussed in [Ch2] , as well as in [BL2] . 

It turns out that on odd-dimensional manifolds with conical singularities the topo- 
logical obstruction is given by H'^{N), where N is the base of the cone and 
u = dimA^/2. If 

H^iN) = 

then all ideal boundary conditions coincide and the construction of Braverman and 
Kappeler [BKl, BK2] goes through. Otherwise, see [Ch2, p. 580] for the choice of 
ideal boundary conditions satisfying Poincare duality. 

Combinatorial Counterpart 

Let us recall that the definition of the refined analytic torsion in [BKl, BK2] was 
partly motivated by providing analytic counterpart of the refined combinatorial 
torsion, introduced by V. Turaev in [Tul]. 

In his work V. Turaev introduced the notion of Euler structures and showed how it 
is applied to refine the concept of Rcidcmcister torsion by removing the ambigui- 
ties in choosing bases needed for construction. Moreover, Turaev observed in [Tu2] 
that on three-manifolds a choice of an Euler structure is equivalent to a choice of a 
Spin'^-structurc. 

Both, the Turacv-torsion and the Braverman-Kappeler refined torsion are holo- 
morphic functions on the space of representations of the fundamental group on 
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GL{n,C), which is a finitc-dimcnsional algebraic variety. Using methods of com- 
plex analysis, Braverman and Kappeler computed the quotient between their and 
Turaev's construction. 

A natural question is whether this procedure has an appropriate equivalent for our 
proposed refined analytic torsion on manifolds with boundary. In our view this 
question can be answered affirmatively. 

Indeed, by similar arguments as in [BKl, BK2] the proposed refined analytic tor- 
sion on manifolds with boundary can also be viewed as an analytic function on the 
finitc-dimcnsional variety of representations of the fundamental group. 

For the combinatorial counterpart note that M. Farber introduced in [Fa] the con- 
cept of Poincare-Reidemeister metric, where using Poincare-duality in the similar 
spirit as in our construction, he constructed an invariantly defined Reidemeister 
torsion norm for non-unimodular representations. Further M. Farber and V. Tu- 
raev elaborated jointly in [FaTu] the relation between their concepts and introduced 
the refinement of the Poincare-Reidemeister scalar product. 

The construction in [Fa] extends naturally to manifolds with boundary by similar 
means as in our definition of refined analytic torsion. This provides a combinatorial 
torsion norm on compact manifolds, well-defined without unimodularity assump- 
tion. It can then be refined in the spirit of [FaTu]. This would naturally provide 
the combinatorial counterpart for the presented refined analytic torsion. 
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